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Chapter 1. Generalities about topological groups

1.1 Definition A topological group is a set G which is both a group and a topological
space such that the group operations (z,y) — 2y:G x G — G and x — 27 1:G — G are
continuous.

Any subgroup of a topological group G becomes a topological group in the relative topology
of G.

A map ¢:G — H from a topological group G to a topological group H is called a ho-
momorphism of topological groups if ¢ is both a group homomorphism and a continuous
map.

Two topological groups G and H are called isomorphic if there is an invertible map ¢: G —
H such that both ¢ and ¢—! are homomorphisms of topological groups.

1.2 Examples of topological groups

(a) Any group with the discrete topology (a so-called discrete topological group). In
particular, any finite group will be silently assumed to be a topological group in this
way.

(b) R™ as additive group with the topology of R™. Similarly C" as additive group with
the topology of C". Note that C" is isomorphic to R?" as a topological group.

(¢) GL(n,R), the group of n x n real invertible matrices with topology as subset of R
(by considering the matrix elements T;; of T' € GL(n,R) as coordinates).

(d) GL(n,C), the group of n x n complex invertible matrices with topology as subset of
C"" (by considering the matrix elements T;; of T € GL(n,C) as coordinates).

(e) Any subgroup of GL(n,R) or of GL(n,C) in the relative topology. Among such
subgroups the closed subgroups (subgroups G which are closed subsets of GL(n,R)
or GL(n,C)) have much nicer properties than the non-closed subgroups, and we will
mostly restrict attention to these closed subgroups.

(f) The groups SL(n,R) :={T € GL(n,R) | detT =1} and SL(n,C) :={T € GL(n,C) |
det T =1}.

(g) O(n), the group of real orthogonal n x n matrices, and its subgroup
SO(n) :={T € O(n) |detT = 1}.

(h) U(n) the group of complex unitary n x n matrices and its subgroup
SU(n):={T e€U(n)|detT =1}.
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Ex. 1.3 Prove that GL(n,R) is a closed subgroup of GL(n,C) (when embedded in
GL(n,C) in the obvious way). Show also that GL(n,C) is isomorphic as topological
group to a certain closed subgroup of GL(2n,R). Show next that every closed subgroup
of GL(n,R) is isomorphic as topological group to some closed subgroup of GL(n,C) and
that every closed subgroup of GL(n,C) is isomorphic as topological group to some closed
subgroup of GL(2n,R).

Ex. 1.4 Show for all examples in §1.2 that these are topological groups. Show that the
examples (f), (g), (h) are closed subgroups of GL(n,R) or GL(n,C).

1.5 Proposition Let G be a topological group. If {e} is a closed subset of G then G
as a topological space is Hausdorff.

Ex. 1.6 Prove Proposition 1.5.

1.7 Remark An important class of topological groups are the locally compact groups:
these are topological groups which are locally compact Hausdorff spaces. A subclass if
formed by the compact groups: these are topological groups which are compact Hausdorff
spaces.

Ex. 1.8 Show that the discrete topological groups are locally compact and that the
compact groups among these are precisely the finite groups. Show also that GL(n,R) and
GL(n,C) and all their closed subgroups are locally compact.

1.9 Proposition Let G be a topological group. Then the connected component G
of G containing e is a closed normal subgroup of G. The whole collection of connected
components of G is precisely the collection of left cosets of G with respect to Gy.

1.10 Example The group G := O(n) is not connected, since the continuous map
det: G — R maps G onto the subset {—1,1} of R, which is not connected. It can be
shown that here Gy = SO(n). For n := 2 this is seen very easily. For general n we prove
below that SO(n) is connected.

1.11 Definition Let G be a group and X a set. A group action of G on X is a map
(9,2) — g-x:G x X — X such that

(a) (gh)-x=g¢g-(h-z) for all g,h € G and z € X;

(b) e-x=x forall x € X.

If G is a topological group and X a topological space and if the above mapping (g, z) —
g-x:G x X — X is continuous then we call the group action a topological group action
or a continuous group action.

If a group action of G on X satisfies the property that for each z,y € X there exists
g € G such that g -z = y then we call the group action transitive.

If G is a group with subgroup H then we denote by G/H the collection of left cosets
gH (g9 € G). Then G acts on G/H by the rule ¢’ - (¢H) := (¢’g)H and this action is
transitive (check this). Moreover, for ¢ € G we have: ¢g- (eH) = eH iff g € H. The set
G/H with G acting on it is called a homogeneous space.

Conversely, if we have a transitive group action of G on X and if we fix xyp € X
then H := {g € G| g-x9 = xo} is a subgroup of G (the so-called stabilizer of z(y in G)
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and the map g - x9 — gH: X — G/H is a well-defined bijection such that ¢’ - (g - x) is
mapped by this bijection to ¢’ - (¢H) (i.e., the actions of G on X and on G/H correspond
with each other under this bijection). If G is a topological Hausdorff group and X is a
topological Hausdorff space and if the transitive group action of G on X is continuous then
the stabilizer subgroup H of z( in G is a closed subgroup.

1.12 Example Some examples of transitive continuous actions of groups are:

(a) The symmetric group S,, acting on the set {1,2,...,n}. The stabilizer of 1 in S, is
isomorphic to S, _1.

(b) The group O(n) acting on the unit sphere S™~! in R™. The stabilizer subgroup of
(1,0,...,0) is the group O(n — 1) which is embedded as a closed subgroup of O(n) by

1 0 ... 0

T ! :0 1 O
= T :0(n—1) — O(n).

0
(c) The group SO(n) acting on the unit sphere S®~! in R™. The stabilizer subgroup of

(1,0,...,0) is the group SO(n — 1) which is embedded as a closed subgroup of SO(n)
as in (b).

Ex. 1.13 Prove the statements in the last two paragraphs of Definition 1.11. Prove also
that the examples in §1.12 indeed give transitive continuous actions of topological groups
and that the stabilizer subgroups are the ones mentioned there.

1.14 Proposition The group SO(n) is connected.

Proof Clearly, SO(2) is connected. The proof will use induction with respect to n. The
induction hypothesis will follow by the existence of a continuous surjective map
SO(n—1) x SO(2) x SO(n — 1) — SO(n). This map is obtained by observing that each
T € SO(n) can be written as

10 ..oy (s s 00Ny
0 sinf cosf O ... O 0
T=1 . 0 0 1 0 ;
. A : : .. . B
0 0 0 0 1 0
for some A, B € SO(n — 1) and 0 € [0, 7). We prove this last statement. Let 7' € SO(n)
and let eq,...,e, be the standard basis of R". Then Te; = cosfe; + sinf & for some

0 € [0,7) and £ = (0,&2,...,&,) with |§] = 1. Then, by transitivity of the action of
SO(n —1) on S™~2, there exists A € SO(n — 1) such that

10 cosf —sinf O 0
0 sinff cos@ 0O 0
Te, = | . 0 0 1 0 [e.
: A : : .
0 0 0 0 1

Denote the product of the two matrices on the right-hand side of the last identity by T".
Then T" € SO(n) and (T")"'Te; = e;. Hence, since SO(n — 1) is the stabilizer of e; in

SO(n), there exists B € SO(n — 1) such that (7")7'T = ((1) g) L]
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1.15 The group of isometries of R is denoted by E(n). Then E(n) = {m,A |be R", A€
O(n)}, where 1p:v — v + b: R® — R™ denotes a translation. Note that 7,A = 7,y A" iff
b="b"and A= A’ so, as sets, we can identify 7,A < (b, A): E(n) <> R™ x O(n). Via this
bijection we can transplant the group operations
(TbA) (Tb/Al) = TAb/+b(AA/), unit 7o/, (TbA)_l = T_A—le_l
on E(n) to group operations
(b, A)(b',A) = (b+ AV, AA"), unmit (0,1), (b,A)"'=(-A"1b, A7)

on R" x O(n). Now R™ x O(n), equipped with the product topology from the topologies

of R” and O(n), becomes a topological group (check this). Hence E(n) receives via the
bijection a topology by which it becomes a topological group.

1.16 Definition Let H and N be groups, let Aut(N) be the group of automorphisms
of N, and let a: H — Aut(N) be a group homomorphism. Then the semidirect product
H x N is the set N x H made into a group with group operations

(n1, h1)(n2, h) = (n1 a(hi)ng, hihz), unit (e,e), (n, h)_l = ((Oé(h_l)n)_17h_1)-
Now we have group embeddings

n— (n,e): N — H x N as a normal subgroup,

hw (e,h): H— H X N as a subgroup.

Thus we can write n instead of (n,e) and h instead of (e, h), and we can write a general
element of H X N as nh (n € N, h € H), since nh = (n,e)(e,h) = (n,h). Then we have

hnh~' = a(h)n as shorthand for (e, h)(n,e)(e,h) ™ = (a(h)n,e) (h€ H,neN).

If N and H are topological groups and if the map (n, h) — a(h)n: Nx H — N is continuous
then N x H equipped with the product topology becomes a topological group.

1.17 Definition The Heisenberg group is the group N defined as the topological space
R? embedded as a subgroup of GL(3,R) by

1 a ¢
(a,b,c)— | 0 1 b
0 0 1
The group structure on N as a subgroup of GL(3,R) then defines the following structure

of topological group on R3:
(a,b,c)(a’,b, ) = (a+a’,b+b, c+c +ab’), unit (0,0,0), (a,b,c)”t = (—a,—b, —c+ab).
Then the center of N equals {(0,0,¢) | ¢ € R}. Let Z be the discrete subgroup {(0,0,c) |

¢ € Z} of the center. Then Z is a normal subgroup of N. In some literature the quotient
group N/Z is called the Heisenberg group.

Ex. 1.18 For a,b,c € R define unitary operators 1;, M; and U, acting on the Hilbert
space L2(R) as follows:
(Tuf)(2) = flz —a), (Myf)(z) =" f(z), (Ucf)(x):=e*"f(x).

Show that the map (a,b,c) — T,MpU_.1qp defines a group homomorphism from the
Heisenberg group N (and also from N/Z) into the group of unitary operators on L?(R).
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Chapter 2. SU(2), SO(3) and SL(2,R)

2.1 Definition The space of quaternions is a four-dimensional real vector space H
with basis 1, 7, 7, k. We introduce an associative multiplication on H by the product rules
i? =372 =k>=—-1andij = —ji = k, jk = —kj = i, ki = —ik = j. Write a general
element ¢ of H as q =t + zi + yj + zk (t,x,y,z € R). Define an involution ¢ — § on
H by (t+xi+yj + zk)f ==t —xi —yj — zk. Then q — ¢* is linear, (¢*)* = ¢, 1* = 1,
and * is anti-multiplicative: (¢1g2)* = ¢5 q. (We say that H is a real associative x-algebra
with identity.) We write H as the direct sum H = R + R where R is the real span of 1
and R? is the real span of 4,j, k. In ¢ =t + zi +yj + zk we call t = (¢ + ¢*) € R the
real part of ¢ and v := xi + yj + zk = 3(q¢ — ¢*) € R3 the vector part of g. Then put
1q|> == qq* = q*q = t* + |[v]? = t* + 2? + y? + 2% (the squared norm). We have |q| = |¢*|
and |q1g2| = [q1| |g2]-

2.2 Proposition We have the following correspondences:

H {(_‘% g)\a,beC}

t+ix  y+iz

ytir - zx) (R-linear and bijective)

q=t+xi+yj+zk — Q:z(

Q12— @Q1Q2
¢ — Q
t = %tr@
> = detQ
gl =1 <= QeSU(?2)

The last correspondence gives a topological group isomorphism between the group of
quaternions of unit norm and the group SU(2). Since the unit sphere in R?* is connected
(and simply connected), the group SU(2) is connected (and simply connected).

2.3 Proposition For v € R® C¢ H and g € H\{0} put Jv := gvg~!. Then T, is
an orthogonal transformation of R3. In particular, the map g — 7, is a continuous
homomorphism from SU(2) (identified with the group of quaternions of unit norm) to
SO(3).

Proof T, is an orthogonal transformation of R?® since tr (GVG™!) = trV = 0 and
det(GVG™') = det(V'). The map g — T, is a group homomorphism since (g192)v(g1g2) "
= g1(g2vg5 gyt It maps SU(2) into SO(3) since the continuous image of the connected
group SU(2) must lie inside the connected component SO(3) of O(3). L]

2.4 Theorem The map g+ T} is a continuous surjective group homomorphism from
SU(2) onto SO(3) with kernel consisting of 2 elements +1.

Proof Use that

(t1 + v1)(t2 + v2) = (tata — (v1,v2)) + (t1v2 + tovy + 1 X v2),
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where v x v5 is the vector product in R? of vectors v; and vy in R3. Any rotation T' of R3
which is not the identity can be described by a unit vector u (yielding the rotation axis)
and by its angle of rotation 20 (0 < 6 < 7), with rotation taken positively with respect to
the direction of u. There are precisely two possible ways of describing T' in such a way,
namely by u, 26 and by —u,2(m — 0).

On the other hand, any quaternion of unit norm not equal to £1 can be uniquely
represented as cos + u sin @, with v a unit vector in R and 0 < § < m. We show that,
starting with this representation, the map v — (cosf + u sin@) v (cos@ + u sinf) ! is a
rotation about u through angle 26. Indeed,

(cos O +u sin @) v (cos @ —u sin @) = (u, v) sin®  u+cos? fv—sin? @ (uxv) x u+sin(20) u x v.

If v = w then this equals u. If v is a unit vector orthogonal to u then this equals cos(26) v+
sin(26) u x v. Thus we get the desired rotation, because in the latter case u, v and u X v
form an orthonormal system of unit vectors in the right orientation. []

Thus the connected and simply connected group SU(2) is the two-sheeted covering
of the connected group SO(3). We call SU(2) therefore the universal covering group of
SO(3).

2.5 Theorem For gi,92 € SU(2) (identified with the group of quaternions of unit
norm) put Ty, 5,0 := g1vgy - (v € H). Then the map (g,g2) — Ty, .4, is a continuous
surjective group homomorphism from SU(2) x SU(2) onto SO(4) with kernel consisting
of 2 elements +(1,1).

Proof T, ,, is an orthogonal transformation of R ~ H since det(GV G, ') = det V.
The map (g1, g2) — Ty, , is a group homomorphism: (g19})v(g204) " = g1(g}v(g5)~")g3
It maps SU(2) x SU(2) into SO(4) since the continuous image of the connected group
SU(2) x SU(2) must lie inside the connected component SO(4) of O(4).

Next we prove that the homomorphism is surjective. Let T € SO(4) and put h :=T1.
Then h is a quaternion of unit norm, so h™' 71 = 1 and the map v +— h™ ' Tv:H — H is
in SO(4). Hence the map v — h™! Tv:H — H is in SO(3) (the subgroup of SO(4) which
stabilizes the first basis vector 1 of H ). Hence, by Theorem 2.4 there exists g € H of unit
norm such that h=! Tv = gvg~! for all v € H. Hence Tv = hgvg !.

Finally we prove that the kernel of the homomorphism consists of 2 elements. Suppose
that g1, g2 are quaternions of unit norm such that givgy '=—yforallveH. Forv:=1

this yields g1 = g2. Now use the result on the kernel in Theorem 2.4. []
Ex. 2.6 Let RY™ be the vector space R**! with elements z = (x¢,21,...,2,) and
indefinite (Lorentzian) inner product [x,y] := zoyo —21y1 —. .. — TpYn. Let H}r’n be the set

{z € RY™ | [z,2] = 1, 29 > 0} (the upper sheet of a two-sheeted hyperboloid). Let O(1,n)
consist of all T € GL(n + 1,R) acting on RV such that [Tz, Txz] = [z, z] for all z € RL™.
Let SOy(1,n) consist of all T € O(1,n) such that detT = 1 and Ty := [Tep, e0] > 0.
(SOo(1,n) is the Lorentz group for 1 time dimension and n space dimensions.) Show the
following.

(a) O(1,n) and SOy(1,n) are closed subgroups of GL(n + 1,R).
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(b) (T,v) — Tv:SOy(1,n) X Hi’n — Hi’” is a transitive and continuous group action
of SOy(1,n) on Hi’n, and the stabilizer of eg in SOy(1,n) is SO(n), where SO(n) is

embedded in SOo(1,7) as T (é g)

(c) Every T € SOy(1,n) can be written as

cosht sinht 0 ... 0
é 0 ... 0 sinht cosht 0 ... O é 0 ... 0
T=1". 0 0 1 0 ;
. A : : .. . B
0 0 0 0 1 0

for some A, B € SO(n) and some ¢t > 0. Conclude that SOg(1,n) is connected.
Hint This is analogous to the proof of Proposition 1.14.

(d) G :=0O(1,n) has 4 connected components and Gy = SOy(1,n).

2.7 Proposition Every T' € GL(n,C) can be uniquely written as T'= U H, where U €
U(n) and H is a positive definite hermitian matrix. This is called the polar decomposition
of T'. The resulting map T +— (U, H) is continuous. So we have homeomorphisms

(U H)— UH: U(n) x {n x n pos. def. hermitian matrices} — GL(n,C)

(UH) — UH: SU(n) x {n x n pos. def. hermitian matrices of det. 1} — SL(n,C)
(0,5)— 0S: O(n) x {n x n pos. def. real symmetric matrices} — GL(n,R)

(0,5) — 0S: SO(n) x {n x n pos. def. real symmetric matrices of det. 1} — SL(n,R)
(the three last homeomorphisms by restriction).

Proof (sketch) First, if H is a positive definite hermitian matrix then define Hz as the
unique positive definite hermitian matrix which has H as its square. The existence and
uniqueness of H 2 follow because H and H? must have the same eigenvectors while the
eigenvalues of H Z must be the positive square roots of the eigenvalues of H. Also note
that, if T' € GL(n,C) then T* T is positive definite hermitian.

If T € GL(n,C) can be written as 7' = UH with U € U(n) and H a positive definite
hermitian matrix, then

T*T={UH)"UH=H"U*UH=HU'UH = H?,
SO ) .
H=(T"T)2, U=T(T*"T) 2.
Conversely, if T € GL(n,C) then T = (T (T*T)"2)(T*T)z = UH with U, H as above.
Moreover, H is then positive definite hermitian, as we already observed, and U is unitary,
since ) L )
(T(T*T) >)*(T(T*T)"2)=(T*T) *T"T(T"T) 2 =1

The continuity of the map H — H 2 from the set of positive definite hermitian matrices
to itself can be most easily seen by using the matrix exponential exp: A — Y 72 Ak JE!
(A a square matrix) and the inverse of this map, denoted by log. Then it can be shown
that exp is a homeomorphism of the space of hermitian matrices onto the set of positive
definite matrices, and that H2 = exp(3 log(H)) (H positive definite). We will discuss this
exponential map in more detail later.



LIE GROUPS, CH.2 p.4

2.8 Corollary The groups GL(n,C), SL(n,C) and SL(n,R) are connected.

Proof This uses Proposition 2.7 and the fact that U(n), SU(n) and SO(n) are connected.
This last thing we did not yet prove except for SO(n) and for SU(2). For general U(n) and
SU (n) it can be proved by using that there is a transitive action of U(n) and SU(n) on the
unit sphere in C* with stabilizer of e; given by U(n — 1) and SU(n — 1), respectively. []

2.9 Proposition We have the following correspondences:

R «— {2 x 2 hermitian matrices}

(t,x,y,2) ( tre y- ZZ) (R-linear and bijective)

y+iz t—zx
S
y+1z t—=x
2 .2 2 2 . t+x y—ZZ
" —x*—y" —z = det(y+iz A

H}r’?’ —— {2 x 2 pos. def. matrices of determinant 1}

2.10 Theorem For ge SL(2,C) and A a 2 x 2 hermitian matrix put 7;(A) := gAg*.
Under the identification of the space of 2 x 2 hermitian matrices with R*3 the map T, is
a linear transformation of R"3. Then the map g — T, is a surjective continuous group
homomorphism from SL(2,C) onto SQy(1,3) with kernel consisting of 2 elements +I.
The map g — T, restricted to g € SU(2) is essentially the double covering homomorphism
SU(2) — SO(3) discussed in Theorem 2.4.

Proof If A is a 2 x 2 hermitian matrix and g € SL(2,C) then gA¢g is hermitian and
det(gAg*) = det(A). Hence T, € O(1,3). The map g — T, is easily seen to be a continuous
homomorphism. Since SL(2,C) is connected and SQy(1, 3) is the connected component of
I in O(1,3), we see that T, € SOy(1, 3).

Next we will prove the surjectivity. Put ®: (¢, z,y, 2) — < t +?: y= ZZ) for the

T y+iz t—x

map from RY3 to the 2 x 2 hermitian matrices. In view of Exercise 2.6(c) the surjectivity
will follow if for any A of the form

coshs sinhs 0 O
sinhs coshs 0 O 1 0
A= 0 0 L 0 or A—(O B) (B €SO(3))
0 0 0 1

we can find an element g € SL(2,C) such that T;(®(v)) = ®(Av) for all v € RM3. For A
e2° 0
1
0 e 2°
suitable h € SU(2) since then h* = h™! and

i B R (e R LA ey
y+iz t—=x 0 1 —z+1y —iT

of the first type we can take g := < > For A of the second type we can take a
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Now apply Theorem 2.4.

Finally we prove that the kernel consists of 2 elements. Suppose that g € SL(2,C)
such that gAg* = A for all 2 x 2 hermitian matrices A. For A := I this yields gg* = I.
Hence g € U(2) N SL(2,C) = SU(2). Now apply again Theorem 2.4.

Ex. 2.11 Consider the map g — T}, defined in Theorem 2.10, with g restricted to
SL(2,R). Identify R\? (as a subspace of R:3) with the space of real symmetric 2 x 2
matrices (as a subspace of the space of hermitian 2 x 2 matrices) as follows:

t+x Y
g0y — (17 ,7).

(a) Show that T,(A) = A for all g € SL(2,R) if A := <+OZ_Z _SZ> and z € R. Conclude
that the map g — 7T, restricts to a continuous homomorphism from SL(2,R) into
SOy(1,2) with kernel consisting of 2 elements +1.

(b) Show that the homomorphism in (a) is surjective from SL(2,R) onto SOy(1,2).

Ex. 2.12 Construct from the surjective two-to-one homomorphisms SU(2) — SO(3)
and SU(2) x SU(2) — SO(4) a surjective two-to-one homomorphism from SO(4) onto
SO(3) x SO(3) and show that its kernel is 1.

b

Ex. 2.13 Let ¥ := C U{oco} (the extended complex plane). For g = <OCL d

and z € X put

> € GL(2,C)

az+b
cz+d’

g.2 =

Such a transformation is called a Mobius transformation of 3.
(a) Show that the map (g, z) — g.z defines a group action of G on X.

(b) Show that the set {g € GL(2,C) | g.z = z for all z € ¥} equals the subgroup of
nonzero multiples of I in GL(2,C).

(¢) Conclude from (b) that the map sending g to the transformation z +— g¢.z is a two-
to-one homomorphism from SL(2,C) onto the group of Mébius transformations of ¥
and that this homomorphism has kernel +1.

Remark Put PSL(2,C) := SL(2,C)/{xI}. Then PSL(2,C) is isomorphic to the
group of all M6bius transformations of .

(d) Conclude from (b) that the map sending g to the transformation z +— g.z with g
restricted to SU(2) is a two-to-one homomorphism from SU(2) into the group of
Mobius transformations of ¥ and that this homomorphism has kernel +1.

Ex. 2.14 Below we give a bijection between the unit sphere S? in R? and the extended
complex plane ¥ (which thus can be considered as a sphere and is called Riemann sphere).
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By this bijection we can transplant certain orthogonal transformations of S? to certain
Mobius transformations of ¥ as follows:

S?2 — X

T 41y
1—2z
e“’%+0
0%+6_i9

COSG% + sin @

(,y,2)

(z cos20 — y sin 26, x sin 20 + y cos 20, z)

(z cos20 — z sin 20, y, x sin 20 + z cos 20)

—sin@% + cos

Show that the above correspondences extend to an isomorphism from SO(3) onto the
group of Mobius transformations of the form g — g.z with g € SU(2).

Ex. 2.15 The group SOg(1,3) acts on RY3. By restriction of this action SOy(1,3) acts
on the forward light cone {(t,z,y,z) € RY3 | 22 + 3?2 + 22 = 2, t > 0}, and also on the
space of light rays consisting of all half-lines {\(¢,z,y,2) | A > 0} with (¢,x,y, z) in the
forward light cone. There is a bijection between the space of light rays and the unit sphere
52 in R? given by:

{Mt2,y,2) [ A>0} 7 (z,y,2).
Thus the action of SOy(1, 3) on the space of light rays can be transplanted to an action of

this group on S? (which may be called the celestial sphere in this context). This defines a

homomorphism 7" +— T from SOy (1,3) into the group of bijective transformations (in fact
homeomorphisms) of S2.

(a) Show that T (z,y,2) = 7~(&,1,¢), where T(1,2,y,2) = (7,£,1,).
(b) Show that T'= T if T € SO(3), with SO(3) considered as subgroup of SOy(1, 3).
(¢) Show that T (z,y, z) = (cosht + z sinht) ™! (x,y, sinh ¢ + 2z cosh ) if

cosht 0 0O sinht

0 1 0 0

= 0 0 1 0
sinht 0O O cosht

(d) Transplant by the bijection S2 < ¥ (see Exercise 2.14) the transformation T’ of $2
to the transformation T of X. Show that T +— T maps SO(3) isomorphically onto

P it
SU(2)/{xI} and that T(w) = (6 0 ) w (w e ) if T is as in (¢). Conclude

0 ezt
that the map T +— T is an isomorphism from SOq(1,3) onto PSL(2,C).
Ex. 2.16 Let C! be the vector space C? with elements z = (z1,22) and indefinite

(Lorentzian) hermitian inner product [z, w] := z; W7 — 22 w3. Let SU(1,1) consist of all
T € SL(2,C) acting on C'! such that [Tz, Tz] = [z, 2] for all 2 € C1'!. Show the following.
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(a) SU(1,1) is a closed subgroup of SL(2,C) and of GL(2,C).
g

(b) SU(1,1) consists of all matrices (Q such that o, 3 € C and |af — |82 = 1.

g
) 1 — 11
(c) Let go := L then g, = 5

(g
p
(5 2)=n(s &)s"

Show that under this correspondence

—_

1 . . .
) Show that there is an isomorphism

~.

ol @

> . SL(2,R) «— SU(1,1)

such that

a=Re(a+pF), b=Im(a+pf),
¢c=—Im(a—f), d=Re(a—7p),

and
a=3(a+d+ilb—c)), B=3(a—d—i(b+c)).

(d) Let T be the unit circle and D be the open unit disk, both as subsets of C. Show that

there is a homeomorphism (g g) — (u,w): SU(1,1) <> T x D given by u = a/|«/,

g

w = B/« with inversion formula o = u/\/1 — |w|?,  =uw/+/1—|w|?.

2.17 Remark By a one-parameter group in a topological group G we mean a continu-
ous homomorphism a: R — G. We are mainly interested in the two cases that « is injective
or that a has kernel 277Z. In the latter case we may view the one-parameter group as a
continuous injective homomorphism from the circle group 7" into G. In these two cases
we then have an isomorphic image of the group R or T as subgroup of G. Below we list
three different one-parameter subgroups 6 — wug:T — SL(2,R), t — a:R — SL(2,R)
and z — n;: R — SL(2,R), the corresponding one-parameter subgroups in SU(1,1) (same
notation but with tilde), and the traces of the elements wug, a, n, of the various one-
parameter subgroups of SL(2,R). (The corresponding element of SU(1,1) then has the
same trace.)

cosf) sinf - et 0
Ug '_(—sine cosG)’ Ug .—( 0 e_w>’ tr = 2cosf € [—2,2];

et 0 - cosht sinht
ap = (O e‘t)’ ap = (sinht Cosht)’ tr = 2cosht € [2,00);

(1 = -~ (l+jiz —3ix _
nx.—<o 1), nx._< %zw 1—%2’.% , tr = 2.

2.18 We call two elements gi,g2 in a group G conjugate to each other (within G) if
hgih~! = g, for some h € G. The set of all elements in G conjugate to some fixed element
of GG is called a conjugacy class.
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Proposition FEach g € SL(2,R) is conjugate to some element uy or +a; or +n, (with
notation as in Remark 2.17).

Proof Let g € SL(2,R). We can factorize the characteristic polynomial of g as det(z] —
g) = (z—A)(z — ). Here \,u € C. Since the matrix g is real, either A and p are real
or they are non-real but complex conjugate to each other. Furthermore, 1 = det g = Ap,
hence A # 0 and x4 = A~!. Furthermore, trg = A +u = XA + A%, After possibly replacing
g by —g, we may assume that either A > 0 or A = ¥ with 0 # 6 € (—n, 7). If A # 1 then
A # A7! and there are eigenvectors v, w € C?, mutually independent, such that gv = \v
and gw = Alw. If A = 1 then g has at least one eigenvector v with eigenvalue 1. We
distinguish several cases:

(a) A=-¢' with 0 #¢t € R. Then Rev and Imv have both eigenvalue ¢ (since g is a real
matrix and e! is real), hence these two vectors must be proportional, and similarly for
Rew and Imw. So without loss of generality we may assume that the eigenvectors v
and w are in R2. After possibly multiplying w with a suitable nonzero real constant,
we may also assume that det(v, w) = 1. Then g = hash~!, with h € SL(2,R) sending
the standard basis vectors ey, es to v, w, respectively.

(b) A = € with 0 # 6 € (—m, 7). Then gv = ¢ v and, taking complex conjugates,
g7 = e 7. Hence v and 7 are mutually independent in C?, so Rev and Imuv are
mutually independent in R? and

gRev =cosfRev —sinfImv, g¢gImv =sinfRewv + cosfImuv.
After possibly multiplying Rev and Im v with the same positive constant and after
possibly changing # into —f, we have det(Rev,Imv) = 1. Then g = hu_gh~!, with
h € SL(2,R) sending e, e5 to Rewv,Imw, respectively.
(c) A =1. If g = I then we are done. Otherwise, there exists v € C?>\{0} such that
gv = v and v is unique up to a nonzero complex constant factor. By a same reasoning

as in (a) we may assume that v € R?. Choose w € R? such that det(v,w) = 1. Then
g = hnzh™! for some z € R, with h € SL(2,R) sending &, es to v, w, respectively.

Ex. 2.19 The trace of g € SL(2,R) is invariant on conjugacy classes. Hence, by Remark
2.17, no conjugacy is possible between ug and as, or between ug and n,, or between a; and
n, unless both elements are equal to I. Now prove the following:

(a) Let 0 # 0 € (—m, 7). Then up is not conjugate to u_g. In fact, if some ((Z Z) €

SL(2,R) is conjugate to ug then b has the same sign as sin 6.
(b) Let 0 #t € R. Then « is conjugate to a_;.

(¢) Let 2,y € R\{0}. Then z is conjugate to y iff z and y have the same sign. In fact, if

some (Z 2) € SL(2,R) is conjugate to n, then b has the same sign as x.

2.20 Theorem (summary of the above results) Let g € SL(2,R). Then g is conjugate
within SL(2,R) to one and only one of the following elements:

(i) ([trg| > 2, hyperbolic elements) +a; (t>0);
(ii) (Jtrg| < 2, elliptic elements) tup (0< 6 <m);
(iii) (trg| = 2), trivial elements £ and parabolic elements £ny, £n_;.
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2.21 Visualisation of conjugacy classes of SL(2,R).

We now draw the conjuagacy classes of SL(2,R), or equivalently of SU(1,1), where we
identify SU (1, 1) topologically with 7' x D (see Exercise 2.16(d)), and visualize T'x D as the
ring in the (,y, z)-plane obtained by rotating the disk {(x,y) | (z — 2)? + y? < 1} around
the y-axis in the (z,y, z)-space. Thus, x,y, z are expressed in terms of (u,w) € T' x D by

r+iz=u(2+Rew), y=Imw.

6 @ a

in the same conjugacy class. In terms of the parameters (u,w) € T' x D this means that
(u, €*™w) is in the same conjugacy class for all #. Hence, in the picture of our ring in R? the
conjugacy classes are rotation symmetric around the central circle {(z, z) | %2+ 22 = 4} in
the ring, so the conjugacy classes can already be visualized in the (z, z)-plane between the
two concentric circles of radii 1 and 3. I refer to a 3-d suggestion of the conjugacy classes
in the picture below (resembling the picture at p.57 of G. Segal’s lecture notes). Here the
x-direction points vertically on the page and the y-direction is perpendicular to the page.
I will also make available a Maple worksheet s12r.mws, which gives both a 2-d version
in the (z,z)-plane and a 3d-version. Note the sausage-like figure in the picture below.
The boundary of the sausage has four connected components, corresponding to the four
parabolic conjugacy classes. The interior of the sausage has two connected components
(marked B in the picture), which correspond to elliptic equivalence classes containing g
for 0 < 6 < 7 respectively —m < 0 < 0. The exterior of the sausage also has two connected
components which correspond to hyperbolic conjugacy classes containg a; respectively —ay.

It is also interesting to consider how the one-parameter subgroups are situated within
the ring. The elliptic one-parameter subgroup 6 +— wuy is the central circle of the ring.
Its conjugates do not remain in the (x,z)-plane, but still pass through I and —I. The
hyperbolic one-parameter subgroup ¢t — a; passes vertically through I. Its conjugates are
in region A and pass through I, hitting the boundary of the ring as t — oo, but not
remaining in the (z, z)-plane. The parabolic one-parameter groups are within the two top
components of the boundary of the sausage, pass through I and hit the boundary of the
ring as * — 400 in points where the boundary of the sausage meets the boundary of the
ring, but they do not remain in the (z, z)-plane.

20
Conjugation of (Q ﬁ) € SU(1,1) with respect to up shows that (6_%03 e _ﬁ) is

a geometric vieuw of SL(2,R)
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Chapter 3. Differentiable manifolds

3.1
(a)

(b)

()
(d)

Definition Let X be a topological space.
A chart of dimension d for X is a pair (U, 1) with U an open subset of X en ¢: U — R?
such that 1(U) is open in R? and v: U — 9(U) is a homeomorphism.
Twee charts (Uy,11) and (Us,19) for X are called C*°-compatible if they have the
same dimension d and if the map 15 o w;l:¢1(U1 NUs) — (U NUs) is a C°°-
diffeomorphism. (Observe that ¢, (U; NUs) is open in v (Uy), hence it is also open in
R<.)
A C*-atlas of dimension d for X is a collection {(Uy,%a)}aca of mutually C°°-
compatible charts of dimension d for X (A an index set) such that |J ., Ua = X.
A C*°-manifold of dimension d is a topological space X equipped with a C'*°-atlas of
dimension d. Moreover we will always assume that X as a topological space is Haus-
dorff and that the second axiom of countability is satisfied (i.e., there is a countable
collection {W; };cr of open subsets of X such that each open subset U of X is a union
of a subcollection of the W;’s).
Let {(Un, %a)}aca be a C>®-atlas for X. A chart (U, ) for X is called C*°-compatible
with the atlas if (U,1)) is C*°-compatible with each chart (U,, 1) in the atlas. Two
C°°-atlases for X are called equivalent if each chart in the first atlas is C'"*°-compatible
with each chart in the second atlas. Two C'*°*-manifolds built on the same topological
space X and having equivalent atlases will not be distinguished from each other as
C*°-manifolds.

. 3.2 Let X be a C*-manifold with atlas {(Us, ¥a)}aca-

Let o € A, let U be an open subset of U, and let ¥ := 1), |y. Show that (U,7) is a
chart which is C°°-compatible with the atlas.

Let (U,v) and (V,x) be two charts for X which are C°°-compatible with the atlas.
Show that the two charts are also C°°-compatible with each other.

. 3.3 Show the following.

Let X be a C*°-manifold of dimension d with atlas {(Ua, %¥a)}aca. Let W C X. Then
W is open iff for all a € A the set ¢, (W NU,) is open in R? (or, equivalently, open

in ¥a(Uy))-

Let X be a set. Let be given a collection {(Uy,¥qa)}aca, where A is an index set,
{Uq }aea a collection of subsets of X which cover X, ¥,: U, — V, a bijective map from
U, onto some open subset V,, of R?, and where the following holds: For each o, 3 € A
the sets 1, (Us NUg) and 15(U, NUg) are open in R? and ¢z 01, L9 (Us NUg) —
YUy NUg) is a C* diffeomorphism. Then we can define a topology on X by calling
W C X open if for all o € A the set ¥, (W NU,) is open in R?. If this topology is
moreover Hausdorff and satisfies the second axiom of countability then X with atlas
{(Ua,%a) taca is a C°°-manifold.
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3.4 Example (taken from Segal, p.69)
One can cover the sphere

§*i={(z,y,2) eR* | 2" +y* +2° = 1}
by six open sets Uy, ..., Us, where

U; consists of the points where z > 0,
U, consists of the points where z < 0,

Us consists of the points where y > 0,

and so on. There are obvious charts (U;,1;) with ¢;:U; — V; C R?; for example
Y1(z,y,2) = (y,z). These charts are C*°-compatible — e.g. the transition map 3 is
given by

sy, 2) = (1 - y* = 2)%,2)

They make S? into a C°°-manifold. Another chart belonging to the same atlas is the one
given by stereographic projection from the north pole N := (0,0, 1) to the equatorial plane
z = 0. This is the homeomorphism from U := S?\{N} to R? defined by

iﬁ(%y’ Z) = (:Ij'/(l - Z)7y/(1 - Z)'

Ex. 3.5 Work out the details of Example 3.4. Show also that the chart using sterographic
projection form the north pole and a similar one using sterographic projection from the
south pole together already determine S? as a C'°°-manifold.

3.6 Definition A k-dimensional (regularly embedded) C'*°-submanifold of R™ is a sub-
set X C R™ such that for each x € X there is an open neighbourhood U of  in R™ and a
C*°-diffeomorphism 1: U — V onto an open cube V in R" parallel to the coordinate axes
and including 0 such that ¢(z) =0and Y(UNX) ={y €V | yp41 = ... = yn = 0}.
Often X as above is just called a submanifold of R™.

With ¢, U and V as above the map = +— (¢1(x),...,¥r(z)): UNX — {(y1,...,yx) €
R* | (y1,...,¥%,0,...,0) € V} is a chart for X and all charts of this type for X are
C*°-compatible and make X into a k-dimensional C'°°-manifold.

3.7 Proposition A set X C R” is a submanifold of R™ iff for all z € X there is an
open neighbourhood U of z in R® and a C*-map f:U — R"~* such that f(z) = 0, the
(n — k) x n matrix f’(z) has (maximal) rank n — k and X NU ={y € U | f(y) = 0}.

3.8 Example O(n) is a submanifold of the space M, (R) of real n x n matrices. This
can be shown either by Proposition 3.7 or by Definition 3.6.

First Proof O(n) ={A € M,(R) | AAA— 1 =0}. Put f(A) := A'A— I, then f is a

C*-map from M,,(R) into Sym,(R), the space of real n x n symmetric matrices, which
1

is a 5n(n + 1) dimensional real vector space. So we have to show that for each A € O(n)

the linear map f/(A4) from M, (R) to Sym,(R) has (maximal) rank in(n + 1). We find



DIFFERENTIABLE MANIFOLDS, CH.3 p.3

that f/(A)B = A'B+ B'A (A,B € M,(R)). Let A € O(n). Then f(A)B = 0 iff
Bt = —A71BA~!. This is also equivalent to (JB)! = —(JA)"}(JB)(JA)™!, where J is
the n x n diagonal matrix with —1,1,...,1 on the main diagonal. Note that J € O(n)
and detJ = —1. By a simple geometric argument, for each A € SO(n) there exists
Az € SO(n) such that (A2)2 = A. Also put A=2 := (A2)~L. Thus, if A € SO(n)
then f/(A)B =0iff (A"2BA~2)t = —A~2BA~2. If JA € SO(n) then f'(A) B = 0 iff
(JA)"2(JB)(JA)~2)t = —(JA)"2(JB)(JA)~2. In both cases we see that the null space
of f'(A) has the same dimension as the space of real n x n anti-symmetric matrices, i.e.,

dimension in(n — 1). Hence f’(A) has rank n? — In(n—1) = in(n+1). L]

Second Proof Let A, B € M, (R). Note that the following three statements are equiv-
alent:

(a) det(A+1I)#0and B=(A-I)(A+1)"%

(b) {-B){+A)=21.

(c) det(I — B)#0and A= (I — B)"'(I + B).

Also, if these three equivalent conditions hold then check that A* = A~! iff B! = —B.
Put U := {A € M, (R) | det(A+1I) # 0}, V :={B € M,(R) | det(I — B) # 0}. These
are open subsets of M, (R). Let ¢¥/(A) := (A —I)(A+ I)"'. Then ¢:U — V is a C>
diffeomorphism. Also ¢ maps U N O(n) onto V intersected with the space of real n x n
antisymmetric matrices. Thus for each T' € O(n) with det(T' + I) # 0 we can find open
neighbourhood and map as required in Definition 3.6. If 7" € O(n) and det(T' + I) = 0

then we take as neigbourhood of T' the set {A € M,(R) | T-'A € U} and we take the
map A (T'A-I)(T*A+1)"". []

3.9 Example (taken from Segal, p.70)

A good example of a manifold which does not arise naturally as a subset of Euclidean
space is the projective space P(R™), which consists of all lines through the origin in R™.
A point of P(R™) is represented by n homogeneous coordinates (z1,...,x,), not all zero,
and (x1,...,x,) represents the same point as (Axy,...,Az,) if A # 0. If U, is the part of
P(R"™) consisting of points with x,, # 0 then we have a bijection 9,,: U, — R*~! given by

_ -1 -1
, = _ .
¢n($1 J'n) (5815% ) y Tn—1T, )

Obviously, P(R") is covered by n such sets Uy, ..., U, with bijections ;: U; — R"~1. One
readily checks that they define a C"*°-atlas. Notice that in situations like this we do not
need to define a topology on P(R™) explicitly: the atlas provides it with a topology which
makes it a manifold (see Exercise 3.3(b)).

Ex. 3.10 Work out the details of Example 3.9

3.11 Example (taken from Segal, p.71)

Only slightly more general is the case of the Grassmannian Gry(R™), which is the set of
all k-dimensional vector subspaces of R™. A point W of Gry(R™) is represented by a n x k
matrix z of rank k, whose columns form a basis for W. In this case x and x\ represent
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the same point if X is an invertible £ x k matrix. Thus we have an equivalence relation
x ~ yif x = y\ for some A € GL(k,R). We write x for the equivalence class of x. Let
S be any subset {i1,...,ix} of {1,...,n}, where i1 < iy < ... < ir. Let {j1,...,Jn—k}
be the complementary subset, with j1 < j2 < ... < jn_k. Let x5 := (4,,q)p,q=1,...k- Let
Us :={T € Gry(R") | x5 € GL(k,R)} and ¢s5:7 = (225" )jpia) po1 0o et
M, _i.x(R). Here M,_j (R) is the space of real (n — k) x k matrices. Note that Us and
g are well-defined (independently of the choice of the representative x of =), and that
the sets Ug cover Gri(R™). Let ag be the n x n permutation matrix which sends the
standard basis vector e, to e;, if 1 < p < k and to €j,_ if k+1 < p < n. Then, for all
y € My_ x(R) we have

k

V5'(y) =7, where z:=ag (;) :

Here (;) is a (k+ (n —k)) x k block matrix. Now let £ € Ug N Ur and put y := ¥g (&),

z:=9Yp(§), x = ag (;) Then £ =7 and x = ar (i) A for some A € GL(k,R). Hence

1 _ 1
(2) A =orlos (y) '
a b

Write ar'ag as a (k4 (n — k)) x (k+ (n — k)) block matrix a;'as = (c d)' Then

A =a+by, 2\ = c+dy. Hence z = (c+dy)(a+by)~t, by which we have found the explicit
expression for the transition map

prtots: y (c+dy)la+by)™: vs(Us NUr) — r(Us NUr),
and see that it is C'°.

3.12 Definition Let X and Y be C°-manifolds with atlases {(Ua,%a)}taca resp.

{(Vs,x8)}peB-

(a) A map ¢: X — Y is called a C*°-map if ¢ is continuous and if for each @ € A and
B € B the map xgodoh, o (Us N~ (V3)) — x5(Vs) is a C*°-map.

(b) We call ¢: X — Y a C°°-diffeomorphism (or briefly diffeomorphism) if ¢ is bijective
and ¢ and ¢~! are C*°-maps.

(¢) In the special case of a C*°-map ¢: X — R we call ¢ a C*°-function on the manifold
X.

(d) Another special case of a C'"*°-map is given by a C'*°-curve on a C°°-manifold X. Such
a curve can be defined as a C°°-map ¢: I — X, where I C R is an open interval.

Ex. 3.13 Let X be a C°°-manifold. Let ¢: X — R. Show that ¢ is C* iff for each o € A
the map ¢ o ¥ 114 (Uy) — R is a C®°-map (so it is not necessary to require separately
that ¢ is continuous).
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3.14 Remark
Let X and Y be C*°-manifolds with atlases {(Uq, %a) }aca resp. {(Vs, x3)} gen- let ¢: X —
Y. Then ¢ is C*° iff the following holds:
For each x € X and for some § € B with ¢(z) € V3 there is @« € A and an open
neighbourhood U C U,, of = such that

(i) 6(U) C Vi

(ii) the map xgo @ o 194 (U) — x5(Vp) is C.

3.15 Remark Let X;, X5 and X3 be C'°°-manifolds. Let ¢1: X7 — X5 and ¢o: X5 —
X3 be C*°-maps. Then ¢y 0 ¢1: X1 — X3 is a C°°-map.

3.16 Definition Let X be a C°°-manifold with atlas {(Ua,%a)}aca and let Y be a
C*°-manifold with atlas {(Vs, xg) }sep. Then the product manifold of X and Y is defined
as the set X x Y equipped with the product topology and with the atlas {(Uy % V3,14 X

X8)}acA, BeB-

3.17 Definition A Lie group is a set G which has the structure of a group and also
the structure of a C°°-manifold such that the map (z,y) — zy: G x G — G is a C*°-map.

3.18 Example GL(n,R) and GL(n,C) are examples of Lie groups. Note that they are
open subsets of M, (R) resp. M,(C), so one chart (embedding identically into R resp.
R2”2) suffices for defining their structure as C'*°-manifold.

3.19 Proposition In a Lie group G the map z — 2= 1:G — G is C.

Proof We will first prove that z +— z=! is C°° when restricted to a sufficiently small
neighbourhood of e. Let G have dimension d. Let (U, ¢) be a chart for G such that e € U,
Y(e) =(0,...,0). For x € U write ¢(z) = (z1,...,24). Put

F(xlv <o Tdy Y1, - '7yd> = ¢(¢_1($1, .- ~756'd)¢_1(y17 .- ~7l/d>)7

which is well-defined for (z1,...,z4) and (y1,...,yq) sufficiently close to (0,...,0) and
which yields a C'*® map there. Then

OF(z1,...,24,0,...,0)
a(.’lfl,...,l’d)

Hence the implicit function theorem yields for (x1,...,z4) and (yi,...,yq) sufficiently
close to (0,...,0) that the equation F(x1,...,Z4,Y1,...,Yq4) = 0 has for each (z1,...,z4)
a unique solution (y1,...,yq) = (y1(x1,...,2q),---,yda(x1,...,24)), and that this is a C>°-
function. Then it follows that 27! = ¥~ (yy(21,...,24),...,y4(z1,...,24)) for = close to
e.

F(xy,...,24,0,...,0) = (z1,...,24) and =1.

In order to show that z — 27 ': G — G is O everywhere on G fix ¢ € G and let x
be in a sufficiently small neighbourhood of g. Then the map z + 2! can be factorized as
the composition of three maps which are all C'>°:

r — glz — (¢l2)t = (¢gTlz)lgt=a"l. L]
3.20 Proposition If G is a subgroup of GL(n,R) and also a submanifold of M, (R)
then G is a Lie group.
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Proof Suppose that G has dimension k. Let g1,92 € G and g3 := ¢192, so g3 € G.
Because G is a submanifold, there are for j = 1, 2, 3 diffeomorphisms 1 ;: U; — V; with U;
open in GL(n,R), g; € U;, V; open cube in R parallel to the coordinate axes, ¥;(g;) =
0,...,0), ¥;(U;NG) ={x € V; | 41 = ... = 2,2 = 0}. Because multiplication in G
is a C°-map, the map (z1,...,Tn2, Y1, ., Un2) — U3V (@1, 202) 05 N1,y Yn2)),
well-defined for x and y sufficiently close to 0 in R”Z, is C'°°. By restriction we will then
get amap (z1,...,2%,0,...,0,491,...,Yk,0,...,0) — (21,...,2k,0,...,0), where 21, ..., 2

depends in a C*° way on (z1,..., Tk, Y1, ..., Yk). Since we are dealing here with charts for
the submanifold G (see Definition 3.6) in terms of which we have written the product on
G, we conclude that G is a Lie group. []

3.21 Example By Proposition 3.20 and Example 3.8 we see that O(n) is a Lie group.

3.22 Proposition If G is a subgroup of GL(n,C) and also a submanifold of the (217)-
dimensional real vector space M,,(C) of complex n x n matrices, then G is a Lie group.

Proof The proof is similar to the above proof of Proposition 3.20. We leave it as an
exercise.

3.23 Definition Let G, H be Lie groups and f: G — H. Then f is called a homomor-
phism (of Lie groups) if f is a both a C*°-map and a group homomorphism. Furthermore,
f is called an isomorphism (of Lie groups) if f is a group isomorphism such that f and
f~1 are C*°-maps.

3.24 Definition A linear Lie group is a Lie group which for certain n is isomorphic to
a certain subgroup and submanifold G of GL(n,C).

3.25 Definition Let X be a C°°-manifold of dimension d with atlas {(Uqs, %) }aca
and let + € X. Then a tangent vector v to X at x is a choice of a vector v, € R? for
each a € A for which z € U,, where the vectors v, must be related to each other by
vg = (Yo7 ) (Ya(r)) va. (Recall that the derivative of a C°°-map from an open subset
U of R? to R? taken at a certain point of U is a linear map from R? to R?.) Thus a tangent
vector v is already determined by a choice of v, for one o € A, since this determines vg
for other (. If v, w are tangent vectors at z and A\, u € R then \v + pw is defined as the
tangent vector such that for all & we have (Av + pw), = Avg + pws. In this way, the
tangent space T, X of all tangent vectors at x becomes a real vector space of dimension d,
and for each a we have a linear bijection v — v,: T, X — R".

Alternatively we can describe tangent vectors at © € X as equivalence classes of C'*°
maps 7v: (—¢,¢) — X with y(0) = = (this gives a C*°-curve in X through z). We call v,
and o equivalent if for some chart (U,,¥,) with x € U, (and hence for all such charts)
we have (1 071)"(0) = (¢ ©72)'(0). There is a one-to-one correspondence between such
equivalence classes with representative v and tangent vectors v at x. The correspondence
is given by vy = (¥o 0©71)'(0). If v and v are related in this way then we write v = ~/(0).

If X is a k-dimensional submanifold of R™, if x € X and if U, V, ¢ are as in Definition
3.6 then the k-dimensional vector space T,X can be seen as a linear subspace of R”,
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namely as the set of vectors (¢¥=1)/(0) (z1,...,2x,0,...,0), where (z1,...,z3) € RF. Also,
if y: (—¢,e) — X is a C*°-map with v(0) = x then we can obtain the tangent vector 7/(0)
by differentiating vy at 0 as a C*°-map from (—¢, ) to R", so it is not needed here to obtain
~'(0) via a chart.

3.26 We present now a third approach to tangent vectors, namely as linear functionals on
the space of C'*°-functions on a C*°-manifold X. We will need the following four results,
formualated as exercises.

Ex. 3.27 Let 0 < a < b. Construct f € C*°(R?) such that f(z) > 0 for all z € RY,
f(z)=1if |z| <aand f(x)=0if |z| > b.
Hint Start with a C'°°-function g on R given by

g(z) :=exp ( : !

r—b z—a
Ex. 3.28 Let X be a ("*°*-manifold, let z € X and let V' be an open neighbourhood of
x. Let f € C(V). Show that there exists a C'*°-function g on X such that g coincides
with f on a certain open neighbourhood U C V of .
Hint Work with a chart around = and use Exercise 3.27.

> ifa<ax<b and g(x):=0 otherwise.

Ex. 3.29 Let f be a C"°*°-function defined on an open ball B, with radius r > 0 about 0
in R?. Show that

d
f(z) = f(0)+ Zfﬂj gj(z) (z € By)

for some g; € C*°(B,) with g;(0) = (D, f)(0).
Hint Use that G(1) — G(0) = [, G'(t) dt with G(t) := f(tz).

Ex. 3.30 Let X be a C°°-manifold of dimension d and let z € X. Let f € C*(X).
Let (U,) be a chart for X such that + € U and ¢¥(x) = 0. Then there is an open
neighbourhood V' C U of = and there are functions g¢1,..., 94, h1,...,hq € C*°(X) such

that hy(z) = ... = hg(z) =0 and g;(z) = (D;(fop=1))(0) (j =1,...d) and
d
f=flx)+ Zhj gj onV. (3.1)

Hint Apply Exercise 3.29 to the function f o ~! restricted to some ball about 0 within
¥(U). Then use Exercise 3.28.

3.31 Definition (third definition of tangent vector and tangent space)
Let X be a C*°-manifold and let x € X. A tangent vector to X at x is a linear map
v: C*°(X) — R such that

v(fg) = fx)v(g) +g(x)v(f), [f,9€C®(X).

As in Definition 3.25 we call the real linear space of all tangent vectors the tangent space
to x at X and we denote it by 7, X.
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3.32 Proposition The tangent vectors to X at x, as defined by Definition 3.31, form
a real vector space with the same dimension d as X. If (U, ) is a chart for X such that
x € U and ¢(z) = 0 then T, X consists of all v of the form

9 1
v = ay — - 3.2
(f) gil A (3.2)
and the map (ay,...,aq) — v:R? — T, X is a linear bijection.

Proof It is easily seen that each v of the form (3.2) is a tangent vector to X at x according
to Definition 3.31, and that the map (a1, ...,aq) — v:R? — T, X is a linear injection. We
have to show that the map is surjective.

First observe that v(1) =0 if v € T, X and 1 is the function identically equal to 1 on X.
Next observe that v(f) =01is v € T, X and f € C°°(X) is identically equal to 0 on some
neighbourhood of . Hence v(f) only depends on the restriction of f to an arbitrary small
neighbourhood of x.

Next apply Exercise 3.30. Let (U, ) be a chart for X such that x € U and ¢(z) = 0. So,
for each f € C°°(X) there are functions g; and h; with properties as in Exercise 3.30, so
we can write (3.1) as

d d
o) = £ o) + 3 hs@uleg) + 3 g @)elh) = - o) Dy 0 w)(0).
So (3.2) is satisfied with ay := v(h). L]

Ex. 3.33 Let X be a C*°-manifold of dimension d, let x € X and let (U, ) and V, x) be
two charts for X such that x € UNV and ¢(z) = 0 = x(x). As a consequence of Proposition
3.32 we have linear bijections v < (ay,...,aq) < (b1,...,bq): Tp X < R? <+ R? such that,
for all f € C*(X),

0 0
W)= g W) =2 b 5 f @)
=1 v v= Zj i
Show that .
Ao x )i(2)
a; = bj
jZl azj z2=0

Conclude that Definition 3.31 for tangent vector is equivalent to Definition 3.25.
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Chapter 4. The exponential mapping

4.1 Definition Let F := R or C). An algebra over F is a linear space A over F
together with a bilinear map (a,b) — ab: A x A — A. The algebra is called associative if
(ab)c = a(bc) for all a,b,c € A and it is called commutative if ab = ba for all a,b € A.

4.2 Definition A Lie algebra over F is a linear space g over F together with a bilinear
map (X,Y) — [X,Y]:g x g — g such that for all X,Y,Z € g the following holds:

(a) [X,Y]=—-]Y,X] (anti-commutativity);

(b) [[X,Y],Z] +[[Y,Z], X]+[[Z,X],Y] =0 (Jacobi identity).

We call [X,Y] the Lie bracket of X and Y. It follows from (a) that [X, X] = 0 for all
X eg.

4.3 Example Every associative algebra 4 becomes a Lie algebra with Lie bracket
[X,Y]:= XY —YX. In particular, M,,(F) is an associative algebra over F with respect to
matrix multiplication. Hence it becomes a Lie algebra. We will write gi(n,F) for M, (F)
considered as a Lie algebra.

4.4 Definition A Lie subalgebra of a Lie algebra g is a linear subspace h of g such
that [X,Y] € b for all X, Y € h. Thus b, with Lie bracket inherited from g, becomes a Lie
algebra itself.

4.5 Definition A Lie algebra homomorphism ®:g — h of a Lie algebra g to a Lie
algebra b is a linear map ® such that [®(X), ®(Y)] = ®([X,Y]) for all X,Y € g. We call
® a Lie algebra isomorphism if ® is an invertible Lie algebra homomorphism. Then & !
is also a Lie algebra homomorphism.

4.6 (definition and properties of the exponential mapping)

(a) For A € M,(C) define &' = exp(A4) := > o, A¥/k! . Since ||A*| < ||A||F < RF
if |A]| < R and since > po, R*/k! < 0o, the series defining e is absolutely convergent,
uniformly for A in any compact subset of M,,(C ). (Note that convergence in norm and con-
vergence in each matrix entry are equivalent, since we are dealing with a finite dimensional
vector space.)

(b) If AB = BA then e?e? = eATB. This follows because

) h) -2 s

k=0 1=0 m=0 \k,I; k+l=m

Here reordering of terms is allowed because the doubly infinite series on the left-hand side
converges absolutely.

(c) In particular, e?e™® = I. Hence A — e? maps M,(C) into GL(n,C) and, by
restriction, M, (R) into GL(n,R).
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(d) The map A — e?: M,(C) — GL(n,C) is complex analytic, hence real analytic, hence
C®. This follows by the uniform convergence on compacta of y p- Ak /E! . By restriction,
the map A — e?: M,,(R) — GL(n,R) is real analytic, hence C*.

(e) If A€ M,(C) then é*+®)A = ezA4e®4 (2 € C). The map z +— é4:C — GL(n,C)
is complex analytic. The map ¢t — e!*:R — GL(n,C) is real analytic. Furthermore,
d tA

at © ’t:0 =4

(f) The derivative at 0 of the map A — e?: M,(C) — GL(n,C) equals id: M(C) —
M, (C). The derivative at 0 of the map A — ¢*: M, (R) — GL(n,R) equals id: M,(R) —
M, (R).

(g) There is an open neighbourhood U of 0 in M,,(C) (resp. M,(R)) and an open neigh-
bourhood V of I in GL(n,C) (resp. GL(n,R)) such that exp: U — V is a C° diffeomor-
phism. (Use (f) and the inverse function theorem.)

(h) If B€ GL(n,C) and A € M,(C) then B exp(A) B! = exp(BAB™1!).

(i) If A e M,(C) has eigenvalues X,...,\, (i.e., det(A] — A) = A= A1)...(A— )

then e? has eigenvalues e, ... e,

(j) If A€ M,(C) then det(e') = e 4.

(k) For B € M, (C) with ||[B—I|| <1 (which implies that B is invertible) define log(B) :=
—>"02 k7Y — B)*. This series is absolutely convergent, uniformly for |B — I|| < R if
R < 1. Hence the map log: {B € GL(n,C) | ||B —I|| < 1} — M,(C) is complex analytic,
hence real analytic, hence C'*°.

(1) exp(log(B)) = B if ||B — I|| < 1. This follows by the following reasoning. Since
el°8* = 2 for 2 € C outside (—o0o, 0] and since this can written as an identity of convergent
power series in 1 — z for |1 — z| < 1, we have an identity of formal power series in I — B
given by

=1 =, (I - B)! *
(B
k=0 =1

Now the left-hand side of this last identity wiil converge absolutely for || B — I|| < 1, since
=1 (&1 1
— = L = —log(1—||B—1I|) = ——— .
> (32 oot 1) = <

(m) We can choose the open neighbourhoods U and V' discussed in (g) such that V' C
{B € GL(n,C) | ||B—I|| < 1} and the inverse of the C* diffeomorphism exp:U — V is
given by log: V — U.

Ex. 4.7 Work out the details of §4.6.
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4.8 Proposition Let A,B € M,(C) and t € R. Then
log(e!de!B) = t(A + B) + (A, Bl + O(|t°) as t| — 0.
Proof For |t| — 0 we have
e e — I =t(A+ B) + 1t*(A? + 2AB + B?) + O(|t]*) = O([t]).

Hence
(e!4e!B — 12 =12(A% + AB + BA + B?) + O(|t]®).

Hence
log(etetP) = (e!e!B — 1) — %(etAetB —1)*+O(|t|*) = t(A+B)+ 1t*[A, B|+ O(|t]%). LI

Ex. 4.9 Let A,B € M,(C) and ¢t € R. Show that the following holds as [t| — 0.
(a) etetBe A — I =tB + %t2(32+2[A,B])+(9(|t|3);
(b)  etletBetetB [ =12[A B] + O(|t]?).

4.10 Example (taken from Segal, p.72)
If G = O(n) as submanifold of M, (R) then T;G is the n(n — 1)-dimensional vector space
S of all skew-symmetric matrices and T,G = g5 = Sg for all g € G.

Proof For any skew matix A the matrix e/ is orthogonal, so () = ge'4 defines a path

~v:R — G such that v(0) = g and v/(0) = gA. Conversely, if v: (—¢,e) — G is a path such
that y(0) = g then by differentiating v(s) (v(s))? we find

7' (0) " 4+ g (7/(0)" =0,

which shows that g~14/(0) is skew-symmetric, i.e. that T,G C ¢S. []
Ex. 4.11 Show the following. If G = U(n) then T;G = {A € M, (C) | A = —A}.

4.12 Definition Let X,Y be C°-manifolds and f: X — Y a C*°-map. Let z € X.
Then the differential of f at x is the linear map df,: T, X — Ty(,)Y defined by the rule:
dfz(v) = (f o) (0) if v: (—¢,e) — X is C*° with v(0) = x and v = ~/(0).

4.13 Proposition Let G C GL(n,C) be a linear Lie group. Put g := T'G (thus g is a

real linear subspace of M,,(C). Then:

(a) Let g€ G and A € M, (C). Then A € g iff gA € [,G iff Ag € T,G.

(b) exp(g) C G

(c) If A,B € g then [A,B]:= AB — BA € g. So g is a real Lie subalgebra of gl(n,C). It
is called the Lie algebra of G.

Proof (a) Letge€ G and A € g. Then there is a C*> map t — «a(t): (—e,&) — GL(n,C)

such that «a(t) € G for all t, «(0) = I and &/(0) = A. Now put S(t) := ga(t) and

~v(t) := a(t) g. Then (3,~ are C* maps such that 5(¢t),v(t) € G for all ¢, 3(0) = g = v(0),

and #'(0) = gA, v’ (0) = Ag. This shows the implications in one direction. The implications

in the other direction follow because dim7,G = dim g.
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(b) Let A€ g, a(t) :=exp(tA). Then a(t) € GL(n,C) for all ¢ and it is a solution of the
system of o.d.e.’s
o' (t) =Aa(t), «0)=1.

Since G is a submanifold of M,,(C) (say of real dimension m), there is an open neighbour-
hood U of I in GL(n,C), an open cube V in e’ parallel to the coordinate axes, and a
C*° diffeomorphism 1: U — V such that /(1) = 0 and »(UNG) = R™ NV, where R™ is
the linear subspace of all y € R2" for which i1 = ... = Yoz = 0. Put B(t) == Y(a(t)).
Then, for |¢| small enough, 5(¢) lies in V' and is a solution of the system of o.d.e.’s

where

fy) = dby-1() (A~ (y) (yeV).

Note that f:V — R2%” is . Also, if y €R™ NV then v~ 1(y) e UNG, so Ayp~i(y) €
Ty-1()G, so finally f(y) € T,R™ =R™. So we can solve in R™ the system of o.d.e.’s

%) = fi(y(®), 7%(0)=0  (i=1,...,m),

and then v(t) := (v1(¢),...,m(t),0,...,0) will solve the same system of o.d.e.’s as 3(t).
By uniqueness of the solution (since f is C°), we have (3(t) = ~y(t), hence 1 (exp(tA)) =
v(t) € R™ NV for |t| small. Hence exp(tA) € U NG for [¢| small. Since G is a group we
have for t € R and k € N that exp(tA) = (exp(k 1tA))* € G if k~1|t| is sufficiently small.

(c) Let A,B € gand t € R. Then ¢4 € G by (b) and ¢4 Be 4 € TG by twice
applying (a). Hence e'4(AB — BA)e 4 = L (e!4Be~*4) € T;G. So, for t = 0 we get that
AB - BA € TG. L]

4.14 Proposition If G C GL(n,C) is a linear Lie group, then G is a closed subgroup
of GL(n,C).

Proof Let g9 € GL(n,C), ¢ = limg_,o gx with g € G. We have to prove that gg € G.
Let G have dimension m. As before, there exist an open neighbourhood U of I in GL(n,C),
an open cube V in R27* parallel to the coordinate axes, and a C*° diffeomorphism ¢: U —
V such that ¢(I) = 0 and Y(UNG) = R NV. Then R™ NV is a closed subset of V,
hence U N G is a closed subset of U. Let Uy be an open neighbourhood of I in U such
that Uy C U, where Uy means closure of Uy in M, (C). By the convergence of the sequence
(gx) there will be some N € N such that gl_lgk € Uy if k,1 > N. Thus, if K > N then
g;,lgk ceUyNG CUNG. Since g;,lgk € Uy, its limit in M,,(C) will be in the closure of
Uy, so g;,lgo €Uy cU. So g&lgo € U is the limit in U of the sequence (g;]lgk) lying in
the closed subset G N U of G. Hence g;,1 go is itself in this closed subset G N U. Hence
g;ﬂgo € G,s0 go € gnG, 50 go € G. []

4.15 Proposition Suppose that G is a subgroup of GL(n,C), that g is a real linear
subspace of M,,(C) and that there are open neighbourhoods U of 0 in M,(C) and V of I
in GL(n,C) such that exp: U — V is a C* diffeomorphism and GNV = exp(gNU). Then
G C GL(n,C) is a linear Lie group and /G = g.
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Proof Let dimg = m. By possibly shrinking the neighbourhoods U,V and by taking
suitable real cordinates on M,,(C) we can arrange that U is an open cube in en’ parallel
to the coordinate axes and that exp™}(GNV) = UNR™. Now consider arbitrary g € G.
Let £,-1 denote left multiplication by g ' on GL(n,C). Then gV is an open neighourhood
of g in GL(n,C), U is a cubic neighbourhood of 0 in M,(C) and expof-1:gV — U is a
C* diffeomorphism sending g to 0 and satisfying (exp~'ol,-1)(GNgV) = UNR™. So
G is a submanifold of M,,(C) and a subgroup of GL(n,C), so G is a linear Lie group in
GL(n,C). Finally, by the remark at the end of Definition 3.25 and by §4.6(f) we get that
T1G = dexpy(R™) = id(R™) = R™ = g. [l

4.16 We can use Proposition 4.15 in order to prove that the matrix groups introduced
in §1.2 of these notes are linear Lie groups and to find their Lie algebras. Instead of O(n)
and SO(n) we will also write O(n,R) and SO(n,R), respectively.

Proposition Let F =R or C. The following table lists examples of linear Lie groups G
in GL(n,C) with corresponding Lie algebras g.

G g

GL(n,F) gl(n,F) := M,(F)

SL(n,F):={T € GL(n,F) | detT =1} si(n,F) :={A e M(F) |trA=0}
O(n,F) :={T € GL(n,F) | TT =1} o(n,F) :={A e M,(F) | A = —A}
SO(n,F) :={T € O(n,F) |detT =1} o(n,F)

U(n):={T € GL(n,C) |TT = I} u(n) :={A € M,(C) | & = —-A}
SU(n):={T €U(n)|detT =1} su(n) ={A €u(n)|trA=0}

Proof We give the proof for G := SU(n) and leave the other cases as an exercise. Let
U be an open neigbourhood of 0 in M, (C) and V' an open neigbourhood of I in GL(n,C)
such that exp:U — V is a diffeomorphism. After possibly shrinking U, we may assume
that |trA| < 2rif A € U. Let Uy := U N (=U)NU*N(=U*). Then Uy is an open
neighbourhood of 0 in M,,(C) such that {j = —Uy = Uj = —U; and |tr A| < 2w if A € Uj.
Put Vy := exp(Up). We know that SU(n) is a subgroup of GL(n,C) and that su(n) is
a real linear subspace of M, (C). If A € su(n) Nl then expA € SU(n) N Vp (this is
straightforward). Conversely, if T € SU(n) N Vy then T' = exp A for a unique A € U,.
Then (exp A)* = (expA)~! = exp(—A4). Hence A* = —A because A* and —A are both
in Up. Also, 1 = det(exp A) = €™ 4, hence tr A = 2min for some n € Z, hence tr A = 0
because [tr A| < 27. So exp(su(n) N Uy) = SU(n) N Vy and we can apply Proposition
4.15.

Ex. 4.17 Give the proof for the other cases of Proposition 4.16.
. 0o I,
Ex. 4.18 Let J, be the (2n) x (2n) matrix given by I 0 Prove that the

complex symplectic group Sp(n,C) = {T € GL(22n,C) | JT'J;! = T-'} and the
unitary symplectic group Sp(n) := Sp(n,C)NU(2n) are linear Lie groups with Lie algebras
sp(n,C) :={A € M, (C) | J;AJ 1 = —At} resp. sp(n) := sp(n,C) Nu(2n).
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Chapter 5. The Lie algebra of an abstract Lie group

5.1 Definition Let X be a C*°-manifold. Suppose that for each z € X a tangent
vector V,, € T, X is given. Then we call V' a vector field on X. By Definition 3.31 a vector
field V on X defines for each C'*°-function f on X a new function V f on X by the rule

V) =Va(f)  (zeX).
The vector field V' is called a C*-vector field if V f € C*>°(X) for all f € C~(X).

5.2 Remark By Definition 3.31 a vector field V' on X can be equivalently defined as
a linear map V' from C'*°(X) into the linear space of all real-valued functions on X such
that

V(fg)=V(f)g+ fV(g) forall f,ge C>(X).

The vector field V' is moreover C*° iff moreover V' maps C°°(X) into itself.

5.3 Remark By Propositions 3.13 and 3.32 a C'*°-vector field V on X can be equiva-
lently described as a map V' from C'°°(X) into the linear space of all real-valued functions
on X such that for each chart (U, %) on X we can write V in the form

d
VI @) = Yo [0 @) (e e (D). £ e O(X)

for certain functions a; € C*°(¢(U)).

5.4 Proposition Let V and W be C'*°-vector fields on a C"*°-manifold X. Then the
map [V,W]: f — V(W[f) = W(Vf):C®(X) - C®(X) is again a C-vector field. In
particular, the space of C°°-vector fields forms a Lie algebra with respect to this Lie
bracket.

Proof Let (U,%) be a chart for X and write

d

VI @) = YD) 507 @),
W™ @) = Ybyla) 5 07 @)
for f € C°°(X). Then we find that
d
(VW) @) = 36 (o) 56 @),

with
c3(2) = D (01(0) by () — bie) 50y (0).

It follows from Example 4.3 that the space of C'°°-vector fields forms a Lie algebra. []
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5.5 Remark In Definition 4.12 we defined d¢,: T, X — Ty, )Y where ¢: X — Y is a
C°-map between C*°-manifolds and x € X. The definition of d¢,)(v) (v € T, X) was
given in terms of a C'"*°-curve representing the tangent vector v. We can reformulate this
by using the interpretation of tangent vectors als linear maps v: C*°(X) — R. Then we
obtain:

(dpz())(f) =v(fog)  (veTpX, feCF(Y)).

5.6 Definition For a Lie group GG and for y € GG consider the left multiplication map
ly:x — yx: G — G. Then clearly ¢, is a C'°°-diffeomorphism.

Let G be a Lie group and let V: C*°(X) — C*°(X) be a linear map. Then V is called
left invariant if

V(foly)=(Vf)ol, forall fe C>®(G)andallzed.
In particular, we can thus define left invariance for C*°-vector fields. It is straightforward
to see that the commutator [V, W] of two left invariant C'*°-vector fields VW on G is

again left invariant. Thus the left invariant vector fields on G form a Lie algebra, which
we will denote by Lie(G).

5.7 Proposition There is a linear bijection V +— V,:Lie(G) — T.G from the space
of left invariant C'*°-vector fields on G to the tangent space to G at e. The inverse map
associates to v € T.G the vector field V given by V,, = (dl). v

In particular, Lie(G) has finite dimension equal to the dimension of T.G and of G.
Proof The map V +— V,:Lie(G) — T.G is linear. If V € Lie(G) and = € G then we have
for all f € C>°(X) that

Va(f) = (V)(x) = ((Vf)ols)(e) = (V(foly))(e) =Ve(foly)=((dlc)e Ve)(f)-
Hence V, = (dl;). V.

Conversely, let v € T.G and let V' be the vector field defined by V, = d(l;). v (z € G).
We have to show that:
(a) V is a C*-vector field.
(b) Ve=w
(c) V is a left invariant vector field.

For the proof of (a), choose a chart (U, ) with e € U and 1 (e) = 0 and note that

y=0

Z% 5, /W) (FeC@)

for certain aq,...,aq € R. Thus, if f € C*°(G) then

y:0'

d
((L)en)(f) = of o ) = Yz fa0 ™ (1)

This last expression is a C*°-function in z € G since (z,y) — f(zy 1 (y)):G x Y(U) - R
is C*°. Thus z +— ((dl)e v)(f) is C* whenever f is C*°, so the vector field V is C*°.
The proof of (b) is immediate. For the proof of (c) let f€C>(G)and x,y € G. Then
(VF) o le)(y) = Viy (f) = ((dlay)e v)(f) = ((dlz)y 0 (dby)e) v)(f)
= ((dly)e) v)(f o bz) = Vy(f o be) = (V(f 0 £2))(y)-
Thus (Vf) o by = V(f ot,) for all f and =. []
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5.8 Since the linear spaces Lie(G) and T.G are in natural linear bijection to each other
by Proposition 5.7, the Lie algebra structure of Lie(G) can be transplanted to T.G. On
the other hand, if G C GL(n,C) is a linear Lie group, then we know already that TG has
the structure of a Lie algebra with respect to the Lie bracket [A, B] := AB — BA. In fact,
these two Lie algebra structures are the same. First we consider the case G = GL(n,R)

5.9 Let G :=GL(n,R). Consider A € M,(R) as an element of g := T;G. For the tangent
vector A considered as a linear map f +— A(f): C*°(G) — R we then have

Z Aii g aT ’

1,5=1

Then the left invariant vector field V' on G corresponding to A satisfies

9(ST) 0
(VIIS) =A(fols) = Z Aij o aT ‘ Z Ai akaJ T=1 OS}; 75)

2,7=1

= 3 S g (9= Y (54 »i,f<s> (feC¥(@). S €0).

k
_ 7 OSk,;
2,5,k=1 7,k=1

Ex. 5.10 Keep notation of §5.9. Let V, W be the left invariant vector fields corresponding
to A, B € M, (R) considered as tangent vectors to G at I. Thus

VINS) = Y (S)ygg1(S). WHS) = 3 (SBhgg—f(5)

i,5=1 i,j=1
Show that
- 0
(V.WIF)(S) = 3 (S4. Bl)ij 55— ().
irj=1 ‘

Thus the two Lie algebra structures on T7G observed in §5.8 coincide if G = GL(n,R).

Ex. 5.11 Let G := GL(n,C). Consider A € M,(C) as an element of g := T;/G. For the
tangent vector A considered as a linear map f +— A(f): C*°(G) — R we then have

n

9 0
ANy =) ((ReAzjmf(T> T—I+ImAija(Tﬂ'j)f(T)’T_I>'

i,j=1
Show that the corresponding left invariant vector field V on G is given by

VIS = 3 ((Re ()5 g5 /(5 + (SN 5os ()

,j=1

Next show that, if the left invariant vector field V' corresponds to A € M, (C) and the
left invariant vector field W corresponds to B € M,,(C) then [V, W] corresponds to [A, B].
Thus the two Lie algebra structures on T7G observed in §5.8 coincide if G = GL(n,C).
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5.12 Theorem If G C GL(n,C) is a linear Lie group with Lie algebra g := T/G C
M, (C) and if V, W are left invariant vector fields on G corresponding to A, B € g, respec-
tively, then the left invariant vector field [V, W] on G corresponds to [A, B] € g.

Proof It is sufficient to know [V, W] on some open neighbourhood of I in G in order
to get the element of g corresponding to [V, W]. Choose an open neighbourhood U of T
in GL(n,C) and a C*-diffeomorphism : U — 1 (U) such that ¢(U) is an open cube in
R2"” centered around 0 and such that (G NU) = R N (U). Now take V, W first as
the left invariant vector fields on GL(n,C) corresponding to A, B, respectively. Then, if
V, W are considered on U as partial differential operators of first order in the coordinates
X1, .., Ton2 of Y(U), then on UNG these p.d.o.’s will only involve derivatives in z1, ..., 4.
Therefore V and W on U NG must necessarily coincide with the left invariant vector fields
on G corresponding to A and B, respectively. Also, first taking commutator of V, W as
vector fields on GL(n,C) and next restricting to U N G will yield the same result as first
restricting V, W to U N G and then taking their commutator as vector fields on G. Now
usage of Exercise 5.11 completes the proof. []

5.13 Remark If~v:J — X is a C°°-map from an open interval J to a C'*°-manifold X
and if s € J then 7/(s) is defined as the tangent vector §'(0) € T’ (5) X, where §(t) := y(s+t)
and ¢'(0) is defined as in Definition 3.25.

Recall that the general theory for a system of ordinary differential equations

2'(t) = f(z(t), 2(0)=a

with V' C R™ open, f:V — R"® a C*°-map, a € V guarantees that for some £ > 0 this
system has a C'*°-solution t — z(t): (—e,e) — V, and that any two solutions defined on the
same connected interval containing 0 are equal. If f above moreover has C'°*°-dependence
ony € W with W C R™ open (so (z,y) — f(z,y):V x W — R" is C*°) then the solution
x(t) = z(t,y) also depends on y € W and (t,y) — z(t,y) is C*°.

This existence and uniqueness theorem remains valid on a C°°-manifold X. Now V
is an open subset of X and f assigns to each x € V a tangent vector f(x) € T,X with
(C*°-dependence on x. Here C'°°-dependence is defined via suitable charts on X. It is also
via the charts that we reduce the proof of the existence and uniqueness in the case of a
manifold to the case of R™.

Also recall the following. If XY, Z are C'"*°-manifolds and f: X — Y and g:Y — Z
are C° maps and x € X then d(go f), = dgs(z) (df )a-

5.14 Theorem Let G be a Lie group. There is a one-to-one correspondence between
C*°-homorphisms a: R — G (so-called one-parameter subgroups of GG) and elements A €
T.G. Here a determines A by A = a/(0) (i.e., among the C*°-curves t — «(t) representing
the tangent vector A there is a unique « which is a C'°*°-homomorphism). Conversely, « is
determined by A as the unique solution of the system of o.d.e.’s on G given by

o (t) = (dlory)e A, a(0) =e. (5.1)

Proof First let be given a C*°-homorphism a: R — G and put A := ¢/(0). Fixt € R
and put B(h) := a(t + h) (h € R). Since B(h) = a(t + h) = a(t) a(h) = loyw(a(h)), we
have o/(t) = 3'(0) = (dla@))e(@'(0)) = (dlo(t))e(A). So a satisfies the system (5.1).
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Conversely, let be given A € T.G. Then, by the existence and uniqueness theorem
for a system of o.d.e.’s we get a solution «(t) to (5.1) for ¢ in some interval (—¢,¢). Now
we will show that a(s +t) = a(s)a(t) if |s|, [¢t|, and |s + t] are < e. Let |s| < ¢ and put
B(t) :==a(s+1t), y(t) := a(s) a(t). Then B(0) = a(s), v(0) = v(s) and, on the one hand,

5’@) = CE/(S + t) = (dga(s—i—t))e A= (dgﬂ(t»e A7
on the other hand,

V() = (dlas))an @ () =(dla(s))ar) (Alagr)e A
= d(ga(s) © ga(t))e A= (dgoz(s)oz(t))e A= (dg’y(t))e A.

Hence [ and ~ satisfy the same system of o.d.e’s, so they must be equal.

So now we have a solution «(t) of (5.1) on (—¢, €) which satisfies a(s+t) = a(s)a(t) =
a(t)a(s) for s,t, s+ t in the definition interval. Now define a(t) for all ¢ € R by «(t) :=
a(t/k)* for k € N big enough such that [t/k| < e. If already |t| < e then by the local
homomorphism property of a the new value of «(t) is the same as the old value. Note
that « thus defined on (—ke, ke) is C*°. If |s]|, |t|,|s + t| < ke then we get a(s +t) =
a(s)a(t). Finally, the definition is independent of k since a(t/k)* = a(t/(kl))* = a(t/1)!
if |t/k|,|t/l| < e. By the first part of the proof, the C°°-homomorphism a:R — G thus
obtained must solve (5.1) for all £ € R. L]

5.15 Example Let G C GL(n,C) be a linear Lie group with Lie algebra g := /G
(see Proposition 4.13). For A € g the C*°-homomorphism a: A — e4:g — G satisfies
(5.1) as a system of differential equations on M,,(C) and, by restriction, also as a system of
differential equations on the submanifold G. So the one-to-one correspondence of Theorem
5.14 asssociates in the case of a linear Lie groups G with A € g the C°°-homomorphism
t — et4. This suggests the definition of the abstract exponential mapping in the case of a
general Lie group.

5.16 Definition Let G be a Lie group. We now put g :=T.G. For A € glet {4:R — G
be the unique C*°-homomorphism such that £/,(0) = A. Since £4(¢) is a solution of the
system (5.1), we see that the map (¢, A) — £4(t):R x g — G is C*°. Also observe that
Ea(st) = &sa(t). Now define the exponential map exp: g — G by

exp(A) :=&a(1).

Then exp(tA) = €a(t). So exp:g — G is C* and t — exp(tA):R — G is a C-
homomorphism with derivative at 0 equal to A.

5.17 Let G, g be as above. Then dexpy:Tog — T.G. But Thg can be identified with g
and T.G = g. Hence d exp, linearly maps g to g.

Proposition dexp, = id. There is an open neighbourhood U of 0 in g and an open
neighbourhood V' of e in G such that exp: U — V is a C°° diffeomorphism.
Then the inverse map exp~!:V — U is denoted by log.

Proof The second statement follows by the inverse function theorem. For the proof of
the first statement let A € g, a(t) :=tA and ((t) := exp(tA). Thus « represents A € Tyg
and A = '(0) = dexpy(A). Hence dexp, = id. []
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5.18 Proposition Let G be a Lie group and put g := 7T.G. Then there is a unique
bilinear skew-symmetric map b: g X g — g such that

log(exp(A) exp(B)) = A+ B + 2b(A, B) + O((|A| + | B|)?) (5.3)

as |A],|B| — 0 in g.

In particular, if G € GL(n,C) is a linear Lie group (and thus g C gi(n,C)) then
b(A,B)=AB—- BA (A,B¢€yg).
Proof Clearly, by the uniqueness of Taylor expansion, the bilinear map b is unique if it
exists. For the existence proof consider the Taylor expansion

log(exp(A) exp(B)) = > bi;(4, B)+ O((|A] +|B|)?).

i+5<2

Here b; ;(A, B) € g, with each coordinate being a polynomial in the coordinates of A and B,
homogeneous of degree i in A and homogeneous of degree j in B. Since log(exp(A4)) = A,
we find by (A, B) = 0, b1 9(A,B) = A, byo(A,B) = 0. Since log(exp(B) = B, we find
bo,1(A, B) = B, by 2(A, B) = 0. This proves (5.3) with b(A, B) bilinear in A, B.

The skew symmetry of b(A, B) follows from the identity log(exp(—B) exp(—A)) =
— log(exp(A) exp(B)) together with uniqueness of expansion in (5.3).

The last statement about the case that G is a linear Lie group, follows from Proposi-
tions 4.8 and 4.13. L]

5.19 Corollary With G, g, b(A, B) as above and A, B — 0 in g we have
log(exp(A) exp(B) exp(—A) exp(~B)) = b(4, B) + O((|A] +|B|)?).
Proof Fix A, B € g and let t — 0 in R. Then, by applying (5.3) three times,
log(exp(tA) exp(tB) exp(—tA) exp(—tB))

= log(exp(tA +tB + 1t?b(A, B) + O(|t|*)) exp(—tA — tB + 1t* b(A, B) + O(|t]*)))
=1?b(A, B) + O(|t]*). L]
5.20 Proposition Let G, g be as above. For A € g and f € C™(G) define A.f €
C>(G) by
d
(A1) = 5 fla exp(t4) (z € G).

Then f+— A.f is a left invariant vector field V' on G such that V, = A.
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Ex. 5.21 Let G, g be as above. Let A, B, Ay,..., A, €g,z € G, t € R and f € C°(G).
Show the following identities:

(Af)(a exp(t4)) = & [l exp(t4),

(A™.f) (& exp(tA)) = (i) Fo exp(tA)),

t t=0
k
Flw exp(t4)) = 3 1 (AR ) (@) + O(i™) ast -0,
= tk-l—l
fla exp(tA) exp(tB) = 37 T (AR(BL) @) + O™ as ¢ — 0,
k+i<n
kit tkom,
Floexplidy) copltdn) = Y (AR e () )@
2 R

+O([t|™) ast —0.

5.22 Proposition Let G and g be as above. Then, for f € C°°(G) and A, B € g we
have

b(A, B).f = A.(B.f) — B.(A.f).

Proof Let z € G. We will expand f(z exp(tA) exp(tB) exp(—tA) exp(—tB)) in two
different ways as a Taylor series in ¢ up to degree 2, where ¢ — 0 in R. Then we obtain
the result by equality of second degree terms in both expansions. The first expansion is
obtained by means of the last formula in Exercise 5.21:

f(z exp(tA) exp(tB) exp(—tA) exp(—tB)) = f(x) +t* (A.(B.f) — B.(A.£))(z) + O(|t]*).

The second expansion is obtained by combination of Corollary 5.19 and the first Taylor
expansion in Exercise 5.21:

f(x exp(tA) exp(tB) exp(—tA) exp(—tB)) =f (exp(t* b(A, B) + O(|t])?))
=f(z) +t* (b(A, B).f)(z) + O(t]*). U

5.23 Corollary Let G be a Lie group with g := 7.G and Lie(G) the Lie algebra of
left invariant vector fields on G. Put [A, B] := b(A, B) (A, B € g). Then g becomes a Lie
algebra which is isomorphic to the Lie algebra Lie(G) under the map which associates to
A € g the left invariant vector field f: A.f.

Ex. 5.24 Let G be the Lie group defined as the set {(a,b) € R? | a # 0} with multipli-
cation rule

(a,b)(c,d) = (ac,ad +b).

Give a basis v, w for the Lie algebra Lie(g) of left invariant vector fields on G and compute
the commutator [v, w] = vw — wv as a linear combination of v and w.
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Ex. 5.25 Let G be the Heisenberg group (see Definition 1.17), i.e., G = R® with multi-
plication rule
(a,b,c)(d', b, )= (a+a,b+b,c+c +ab).

Give a basis u,v,w for the Lie algebra Lie(g) of left invariant vector fields on G and
compute the commutators [u, v], [u, w] and [v, w| as a linear combination of u, v, w.

Ex. 5.26 Show that ( 0 -1

-2 0 > cannot be written as e for some A € My(R).

Ex. 5.27 Let n > 2. Prove that there exist matrices A, B € M, (C) such that
eAtB oL edeB,

Ex. 5.28 Let G be a Lie group. Discuss the anlogues of Definition 5.6 and Proposition
5.7 for the case of right invariant vector fields on G. Let A, B € T.G. Let v,w be left
invariant vector fields on G such that v. = A, w. = B and let v, w be right invariant
vector fields on G such that v, = A, w, = B. What is the relationship between [v, w]. and
[v, w]e?
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